Abstract. In this article we prove that for any hyperbolic Riemann surface M of infinite analytic type, the little Bers space Q 0 (M ) is isomorphic to c 0 . 
1. Introduction 1.1. Background. In this paper, we discuss an isomorphism theorem for certain Banach spaces of holomorphic quadratic differentials and applications to the biLipschitz class of asymptotic Teichmüller space.
The asymptotic Teichmüller space AT (M ) of a hyperbolic Riemann surface M was introduced by Gardiner and Sullivan (cf. [9] ) for the upper half-plane, and by Earle, Gardiner and Lakic for arbitrary hyperbolic Riemann surfaces (cf. [2, 3, 8] ). Two quasiconformal mappings f and g on M are called equivalent if there is an asymptotically conformal mapping h of f (M ) onto g(M ) such that g −1 • h • f is homotopic to the identity relative to the ideal boundary of M . Asymptotic Teichmüller space AT (M ) is the set of equivalence classes of quasiconformal mappings of M under this relation. This definition is a variation of the definition of Teichmüller space T (M ) (see the books [6, 8, 10, 12, 20] and the references cited there for the extensive body of work on Teichmüller theory), where the mapping h is required to be conformal.
Since conformal mappings are asymptotically conformal, there is a well-defined projection P : T (M ) → AT (M ). If M is a Riemann surface of finite analytic type, that is, a closed surface of finite genus with a finite number of points removed, then AT (M ) consists of one point.
Earle, Gardiner and Lakic further proved that AT (M ) has a complex manifold structure so that the quotient map P : T (M ) → AT (M ) is holomorphic and further that the Bers embedding of T (M ) into Q(M * ), where M * is the conjugate surface to M and Q(M ) is the Banach space of holomorphic quadratic differentials on M with bounded Bers norm, induces a locally biholomorphic map of AT (M ) into the Banach space Q(M * ) := Q(M * )/Q 0 (M * ), where Q 0 (M ) ⊆ Q(M ) are those holomorphic quadratic differentials which vanish at infinity. This map is called the asymptotic Bers map. Earle, Markovic and Saric showed (cf. [4] ) that the asymptotic Bers map is a biholomorphic map from AT (M ) onto a bounded open set in Q(M * ). For further recent work on asymptotic Teichmüller spaces and the asymptotic Bers map, see [18, 19, 25 ].
1.2. Motivation. The aim of this paper is to study the Banach space Q(M ) and the resulting implications for asymptotic Teichmüller space via the asymptotic Bers embedding. The following theorem was proved in [5] .
Theorem A (Fletcher, 2006 Examples of Riemann surfaces include the plane punctured at the Gaussian integer lattice points and an infinite genus surface. In particular, M and N are not assumed to be homeomorphic. Theorem A should be compared with the following result, which was used in [16] to generalise Royden's theorem on classifying biholomorphic maps between Teichmüller spaces for Riemann surfaces of infinite analytic type.
Theorem B (Markovic, 2003 Therefore, while we always have an isomorphism between A 1 (M ) and A 1 (N ) when M and N are of infinite type, if we have an isometry, then the surfaces must be conformally related. As a corollary to Theorem A, we have the following result, also proved in [5] .
Theorem C (Fletcher, 2006 
, respectively, and a bi-Lipschitz map between U 1 and U 2 . That is, T (M ) and T (N ) are locally bi-Lipschitz equivalent.
The aim of this paper is to find analogous results to Theorems A and C for asymptotic Teichmüller space. As is well known, the Banach dual of Q 0 (M ) can be identified with A 1 (M ) (cf. [17, 22, 23] ) and the Banach dual of c 0 ⊂ l ∞ , the space of bounded sequences which converge to zero, can be identified with l 1 . However, the author is not aware of any simple argument which would allow the isomorphism between A 1 (M ) and l 1 in Theorem A to give an isomorphism between the pre-duals Q 0 (M ) and c 0 . One aim of this paper is to construct such an isomorphism using a variation on the argument used to prove Theorem A in [5] 
As with Theorem A, the surfaces M and N are not assumed to be homeomorphic in Theorem 1.1. Note that Theorem 1.1 implies Theorem A by considering the Banach duals of Q 0 (M ) and c 0 . The conclusion of this theorem is that there exists a constant C M depending only on M such that 
By combining the asymptotic Bers embedding with β M , we have the following result. The space T 0 (M ) is defined to be the subset of T (M ) with asymptotically conformal representatives. Recalling the projection P :
It is proved in [3, 8] that T 0 (M ) is a closed complex submanifold of T (M ). The paper is organised as follows. In §2, we recall the Bers and Bergman spaces of holomorphic quadratic differentials, define Teichmüller space and asymptotic Teichmüller space, recall Beltrami differentials, Schwarzian derivatives and the Bers embedding and asymptotic Bers embedding. In §3, we prove Theorem 1.1. The proof uses the theory of Bergman kernels, and the relevant results are recalled or proved therein. In §4, we prove the consequences of Theorem 1.1 stated above. 
, where σ is two-dimensional area measure. The Bers space Q(D) is the Banach space of holomorphic quadratic differentials on D with finite hyperbolicsupremum norm given by
In [13] , Lindenstrauss and Pelczynski proved that A 1 (D) is isomorphic to the sequence space l 1 by using a result of Shields and Williams [23] that there is a projec-
. Further, Wojtaszczyk [24] exhibited an explicit basis for A 1 (D) by using spline systems. The little Bers space is known to be isomorphic to c 0 and by using projections given in [23] , other weighted spaces of holomorphic functions can be shown to be isomorphic to c 0 (see [14, 15] ).
A Riemann surface M is hyperbolic if its universal covering surface is conformally equivalent to the unit disk D. Such a Riemann surface carries a hyperbolic metric with density ρ M , which is the pullback of the hyperbolic density on D given in (2.1) via the projection π : D → M . Let G be the group of covering transformations and let Ω be a fundamental region for M . Define Q(D, G) to be the subset of Q(D) consisting of those ϕ ∈ Q(D) which satisfy the G-equivariance
Conversely, a quadratic differential ϕ on M lifts to a quadratic differential ϕ on Ω and we use the relation (2.2) to extend the domain of ϕ to D. We can therefore identify the Bers space Q(M ), consisting of holomorphic quadratic differentials ϕ on M for which ||ϕ|| Q < ∞, with Q(D, G). For brevity, we write ||.|| Q instead of ||.|| Q(M ) since it will be clear which Bers space is under consideration. The Bergman space A 1 (M ) is the Banach space of holomorphic quadratic differentials ϕ on M for which
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The little Bers space Q 0 (M ) ⊂ Q(M ) is the subspace consisting of those holomorphic quadratic differentials which vanish at infinity. As is well known, the Banach dual of Q 0 (M ) can be identified with A 1 (M ) and the double dual of Q 0 (M ) can be identified with Q(M ) (see for example [17, 22, 23] ). We will write Q(M ) for the quotient Banach space Q(M )/Q 0 (M ). Since conformal maps are asymptotically conformal, there is a well-defined quotient map P :
is the base-point of AT (M ). This happens if and only if [f ] T (M )
contains an asymptotically conformal representative. The set of asymptotically conformal classes in T (M ) is denoted by T 0 (M ), and it is a closed submanifold of T (M ) (see [3, 8] ).
If M is a Riemann surface of finite analytic type, then AT (M ) consists of just one point (see [3] ). In fact, in this case any quasiconformal mapping on M has a quasiconformal mapping which is conformal outside a compact set in M in its asymptotic Teichmüller class (see [18] ).
Beltrami differentials.
Recall π : D → M is a holomorphic universal covering of the hyperbolic Riemann surface M . Let G be the group of covering trans-
The 
AT (M ) equal to the asymptotic equivalence class of f µ . The following proposition summarises some well-known properties of these maps. See, for example, [4] for the proof. The map χ M is called the asymptotic Bers embedding. See [2, 3] for the locally injective and locally holomorphic properties of χ M and [4] for the globally holomorphic property.
Isomorphism class of the little Bers space

Bergman kernels. Recall that D is the unit disk and ρ(z) is the hyperbolic density on D.
Let σ = σ Ω denote area measure on the domain or Riemann surface Ω. We will suppress the subscript where there is no confusion as to the region under consideration. More information on Bergman kernels can be found in, for example, [1, 7] . The following lemma is standard and is proved for the reader's convenience. 4 and satisfies the following properties:
Lemma 3.1. The Bergman kernel on D × D is given by
Proof. The first property is obvious from the definition of K. The second property follows from an elementary calculation. For the third property, consider
and observe using (ii) that under the change of variable ζ → A(ζ), for a Möbius
. Therefore h(ζ) can be determined by evaluating h(0). Since h(0) = π, this gives the third property with equality. For the fourth property, note first that (1 − |w| 2 ) 2 dσ(w) is a radial measure of norm π/3 and so the mean value property implies that
Let A z (w) be the Möbius transformation (z − w)/(1 − zw) which maps 0 to z and apply (3.1) to f • A z to give
by using w = A z (ζ) and the fact that
Applying (3.2) to the function (1 − zt) 4 f (t) then gives
The final property is obvious from the definitions of K and ρ.
We define the operator P by
Lemma 3.2. The operator P maps L ∞ (D) onto Q(D) and T • P is a bounded operator. Further, P |
Proof. We have
using properties (i) and (iii) of Lemma 3.
This shows that P h ∈ Q(D) and T • P is bounded with ||T •
where a R is a constant which depends only on R. Hence
and so P maps C 0 (D) into Q 0 (D). Finally, P (T (P h)) = P h by property (iv) of Lemma 3.1 and therefore T • P is a projection of
Every hyperbolic Riemann surface M has the disk D as its universal cover. That is, there is a covering group G such that M D/G. Now, given such a covering group G and a fundamental region Ω for G, form the Poincaré theta series given by
2 .
The following lemma is standard and is proved for the reader's convenience.
Lemma 3.3. The series for F (z, ζ) converges absolutely and uniformly on compact subsets of D to a function holomorphic in z, antiholomorphic in ζ, and satisfies
we have
Proof. For the fact that F (z, ζ) converges absolutely and uniformly on compact subsets, we refer to pages 78-82 of [7] . Also, F is clearly holomorphic in z and antiholomorphic in ζ. Property (i) follows from the symmetry property of K and the fact that
Property (ii) follows from the definition of F . To prove property (iii), let A be in the normalizer of G. Then
The invariance property (ii) of F (z, ζ) and the invariance
mean that the formula in (iv) reduces to the case for D, which was proved in Lemma 3.1. Finally, to prove (v), note that for a fixed ζ ∈ D,
and so it is enough to show that
for some constant C depending only on the group G. Let
recalling Ω is a fundamental domain for G. By putting f (ζ) = (1 − ζz) −2 in the reproduction formula given in property (iii) of Lemma 3.1,
The denominator of the integrand is less than 2 4 = 16 and so
where |Ω| is the Euclidean area of ω. This shows that (3.4) is true with
Let M be a hyperbolic Riemann surface with covering group G of D over M and let π : D → M be the projection from the universal cover to M . The Bergman kernel function
Firstly, (3.5) and the fact that Ω\Ω R |K(z, ζ)| dσ(ζ) is bounded by some constant C 1 depending only on G and R. Now,
by using property (iii) of Lemma 3.1. Therefore
which shows that P M h ∈ Q 0 (M ). Finally, property (iv) of Lemma 3.4 implies that
3.2. Some lemmata on projections.
Lemma 3.6. Let Ω be a simply connected relatively compact subset of a hyperbolic Riemann surface M . Given > 0, there exists an operator
n is the n-dimensional subspace of l ∞ with all terms, except possibly the first n being equal to 0.
Proof. We can lift M to the unit disk, so without loss of generality, we can assume that Ω is a relatively compact, simply connected subdomain of D. Subdivide Ω into a finite number of disjoint simply connected subsets Ω 1 , ..., Ω n and for j = 1, ..., n pick a point w j ∈ Ω j . Define
, is bounded and satisfies ψ 2 = ψ. Therefore ψ is a projection. We can define a map µ :
Hence µ is isometric. Further, for any (λ 1 , ..., λ n , 0, ...) ∈ (l ∞ ) n we can find f ∈ X such that f (w j ) = λ j for j = 1, ..., n and so P (X) is isometric to (l ∞ ) n . We now have to show that given > 0, we can find a fine enough subdivision of Ω so that for the corresponding projection ψ, ||(ψf ) − f || < for f = ρ −2 ϕ with ϕ ∈ Q 0 (D) and ||ϕ|| Q ≤ 1.
Let B be the unit ball in Q 0 (D), that is,
Since Ω is relatively compact in D, there exists a constant C depending only on Ω such that 
ϕ| Ω with ϕ ∈ B and > 0, pick δ > 0 satisfying the following. Partition Ω into a finite number of simply connected subsets Ω 1 , ..., Ω n with points w j ∈ Ω j for j = 1, ..., n such that the diameter of Ω j is less than δ/2 for j = 1, ..., n.
by the fact that the diameters of the Ω j are less than δ/2 and so for z ∈ Ω j , |w j − z| < δ/2 and also by equicontinuity. This proves the lemma.
A subspace Y of a Banach space Z is called complemented if there exists a projection from Z onto Y . For the proof of the following lemma, see for example Proposition 2.5 in [5] . 
and R is also clearly surjective. We now consider R restricted to C 0 (M ). By Lemma 3.6, given i > 0 we can find an operator
such that ||ψ i || ≤ 1 and
) is isometric to (l ∞ ) n i for some n i ∈ N by Lemma 3.6, if we let
it follows that Λ is isometric to c 0 . Now define the operator α :
) also must be infinite dimensional. We also have
, and so given > 0, it is possible to choose the ( i )
is a bounded linear projection Therefore, there is a bounded linear projection θ :
which is clearly linear, bounded and satisfies
. Thus, by Lemma 3.7, if is chosen to be small enough, α(R(T M (Q 0 (M )))) is complemented in R(C 0 (M )) and, in particular, Λ. This follows since if W ⊂ Y is complemented in X, then there exists a projection S : X → W , (Im(S)) ∩ Y is complemented in Y and so W is complemented in Y .
If < 1, then ||α − I|| < 1, and Lemma 3.7 gives that α is thus invertible and an isomorphism. By a classical result due to Pelczynski [21] , every infinite dimensional complemented subspace of c 0 is isomorphic to c 0 , and so
is an isometry and so Q 0 (M ) is isomorphic to c 0 .
Finally, if M and N are Riemann surfaces of infinite analytic type, then Q 0 (M ) and Q 0 (N ) are both isomorphic to c 0 and hence are isomorphic to each other. 
